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T w o  a spec t s  of t h e  p r o b l e m  c o n c e r n i n g  a c c u r a c y  of i n t e n s i t y  m e a s u r e m e n t s  in s ing le -c rys ta l  
ana lys i s  b y  n e u t r o n  d i f f r ac t ion  are  d i s cus sed :  (i) t h e  m a n n e r  in w h i c h  t h e  e x p e r i m e n t a l  va lue  of t h e  
i n t e n s i t y  of a B r a g g  re f l ex ion  m a y  be  a f f ec t ed  b y  t h e  use  of t h e  o~- a n d  20-scan t e c h n i q u e s ;  (ii) t h e  
m a n n e r  of con t ro l l ing ,  w h e r e  poss ible ,  t h e  effect  of s i m u l t a n e o u s  B r a g g  re f lex ions  on  t h e  i n t ens i t y .  
I n  a d d i t i o n ,  conce ivab le  e x p e r i m e n t s  of 'e las t ic '  n e u t r o n  d i f f r ac t i on  b y  m e a n s  of a t r ip le -ax i s  
s p e c t r o m e t e r  a re  d i s cus sed  in c o n n e c t i o n  w i t h  a n  a c c u r a t e  d e t e r m i n a t i o n  of t h e  D e b y e - W a l l e r  
fac to r .  

1. I n t r o d u c t i o n  

The purpose of this communication is to review and 
discuss certain of the factors which should be con- 
sidered in accurate neutron diffraction work for single 
crystal analysis. 

Discussion will be limited to the following topics: 

(i) Effects of the typical collimating elements of 
a conventional diffractometer on the values of 
the intensity, as measured by the 20- and 
w-scans. 

(ii) Importance of the simultaneous Bragg re- 
flexions. 

(iii) Main features of conceivable experiments of 
'elastic' diffraction of neutrons in single crystals. 

No detailed consideration will be given to other 
features of the diffraction experiments, such as crystal 
extinction, crystal dimensions, second-order wave- 
length contamination of the neutron beam, etc., 
which also may strongly affect the accuracy of 
neutron diffraction work. 

2. Effects of the  c o l l i m a t i n g  e l e m e n t s  of a dif- 
f r a c t o m e t e r  on the  in tens i ty ,  as  m e a s u r e d  in the  

20-  and to - scans  

In a well-known paper by Alexander & Smith (1962) 
the problem of the 20-scan and w-scan techniques 
in X-ray diffraction has been thoroughly investigated. 

The analysis of the geometry of the diffraction 
process of X-rays monochromatized by conventional 
radiation filters led Alexander & Smith to recommend 
the use of the 20-scan technique rather than the 
w-scan technique: in fact, the rays of wavelength ~t 
different from the 'central '  /to come into play pro- 

* E x p a n d e d  version of an invi ted paper,  presented at  the 
Open Session of the  Commission on Crystallographic Appara tus  
on 'Automat ic  Single-Crystal Diffractometers for X-rays  and 
:Neutrons,' Sixth Congress of the  In terna t ional  Union of 
Crystal lography,  Rome,  September  1963. 

gressively during the 20-scanning and, as a conse- 
quence, an accurate subtraction of the intensity due 
to X-rays of wavelength ~t~= ~o at  the base of the 
peak can be performed; the w-scan technique on 
the other hand leads to the acceptance of the group 
of X-rays of wavelengths ~=  ~0 in a narrow, well 
defined symmetrical peak, from which it is practically 
impossible to unfold the contributions due exclusively 
to the central wavelength. 

The conclusions reached by Alexander & Smith 
cannot be directly applied to neutron diffraction 
essentially for two reasons: 

(i) As suggested by the authors themselves, the 
geometry of the X-ray paths is quite different in the 
cases of crystal monochromatized and filtered radia- 
tion: this is due in practice to the fact that,  in the 
case of crystal monochromatized radiation, the direc- 
tion of the X-ray impinging on the sample is inti- 
mately coupled with its wavelength. 

(ii) The wave vector of the scattered neutron is in 
general not identical in magnitude with tha t  of the 
impinging neutron: when neutrons in the thermal 
energy region (associated for instance with a wave- 
length ~t--- 1 J~ and an energy E ~ 0-08 eV) interact with 
a crystal they, as a rule, are allowed to create or 
annihilate one (or more) vibrational quantum of the 
crystal (phonon) associated with the normal modes 
of vibrations whose superposition conveniently de- 
scribes the thermal motions within the crystal on 
a microscopic scale (Seeger & Teller, 1942). Conse- 
quently, the condition (valid for the case of X-rays) 
magnitude of the impinging wave vector = magnitude of 
the final wave vector being relaxed, the 'ridge' of 
general radiation intensity, which for X-rays piles up 
around the reciprocal lattice point along the line 
connecting the reciprocal lattice point to the origin, 
slides down, showing up again, in principle, in dif- 
ferent regions named in neutron spectrometry the 
'scattering surface'. This is a further argument against 
a naive, direct extension to neutron diffraction, 
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of the conclusions reached for the geometry of 
X-ray diffraction by Alexander & Smith. 

In  view of the above circumstances, in the case 
of neutron diffraction, the w-scan procedure deserves 
close consideration. Some features of the w-scan 
technique are presented here with particular reference 
to the precautions to be taken by experimentalists 
who may prefer to utilize it rather than the 20-scan. 

The results to be discussed in this section were 
derived (Caglioti, Paolett i  & Ricci, 1958, 1960; 
Caglioti & Ricci, 1962; Caglioti, 1962; Caglioti & 
Farfalett i  Casali, 1962) in recent years, during the 
development of a more general program whose main 
object was to establish useful criteria for a convenient 
and eventually inexpensive choice of several important  
instrumental  parameters one must assign in order to 
perform any neutron diffraction experiment, such 
as angular divergences of the collimators, Bragg angle 
and mosaic spread of the monochromator, wavelength 
of the monochromatic beam. Reference can be made 
to previous papers for a detailed discussion of the 
computing techniques utilized in order to establish 
those criteria. Here it will be sufficient to recall tha t  
the procedure systematically followed was that  of 
computing, under reasonably general hypotheses, the 
instrumental  width and the ' instrumental  luminosity'  
(see later) of the diffraction peaks in terms of the 
angular divergences of the collimators and the mosaic 
spreads of the monochromating crystal and the sample. 
In all of the cases considered the approach adopted 
was : 

To follow the path of any individual neutron. 
To assign to the neutron the probability of reaching 

the (BF3) detector after proceeding through the 
collimating system of the spectrometer and being 
Bragg-reflected by monochromator and sample. 

To sum such a probability over all of the paths 
accepted by the geometrical parameters of the 
spectrometer. 

It is not possible here to go through the details 
of the technique which was adopted to compute the 
instrumental broadening and luminosity of the Bragg 
reflexions under the usual experimental conditions 
(i.e. 20-scan and w-scan for single-crystal, and 20-scan 
for powder diffraction). We will therefore only list 
the most important approximations which underlie 
the calculations: 

(i) The attenuation of the neutrons passing through 
any of the (Soller) collimators in the spectrometer is 
a Gaussian (rather than a triangular) function of the 
angular displacement of any individual ray with 
respect to the centre line of the collimator itself. 

(ii) The linear dimensions of the monochromator 
and the crystal sample are assumed to be large in 
comparison with the size of the Soller slits. 

(iii) Only the parameters describing the angular 
acceptance of the collimating elements of the dif- 

fractometer (such as horizontal angular divergences 
of the collimators, mosaic spreads of the crystals) 
have a direct influence on its resolution. The actual 
geometry of the spectrometer (determined by the 
distances between typical elements of the experimental 
set up, such as radiating surface within the reactor, 
monochromator, sample and counter) is assumed to 
be less important.  

The first of the hypotheses listed above was proved 
by Shull (1960) to be very reasonable. Hypothesis (ii) 
is usually not satisfactorily verified in single-crystal 
neutron diffraction work; nevertheless, when such is 
the case, it should be possible to introduce a kind of 
'effective' angular divergence of the monochromator- 
sample and sample-counter collimators in order to 
take into account the additional collimating action 
due to the (small) size of the (extinction-free) crystal 
sample. The third point has been very recently studied 
by Sabine & Browne (1963), who suggest that ,  in 
principle, one might improve the resolution of a 
diffractometer by a suitable choice of the ratio 
between the source-monochromator distance and the 
monochromator-specimen distance. 

Under the hypotheses listed above, it was established 
that  the actual shape of a Bragg reflexion, as seen 
by the diffractometer, is indeed a Gaussian function 
of the angular displacement of the rocking crystal 
(w-scan) or the detector (20-scan) with respect to the 
peak value; these Gaussian distributions of intensity 
are found to have, as expected, identical values at  
their  peak (that is for ~w = O, and for (520 = 0). Never- 
theless, owing to the different behaviour of their 
width as a function of the 'dispersion parameter '  
(see later) in the two cases, the instrumental  luminos- 
ities are not equal. 

In  this section we will limit ourselves to discussing 
some details of the w- and the 20-scan techniques, 
in view of possible applications in the automatic 
collection of the data by means of modern neutron 
diffractometers. To this end, we will s tar t  by listing 
a set of four formulae (Table 1) which express the 
width and the instrumental  luminosity of any Bragg 
reflexion in terms of the angular parameters of the 
collimating system and the 'dispersion parameter ' .  

Equations (1) and (2) (after Caglioti & Ricci, 1962) 
refer to the w-scan and equations (3) and (4) (after 
Caglioti, Paoletti  & Ricci, 1960) to the 20-scan. 
Equation (1) gives the full width at  half maximum 
B½ of the rocking curve in terms of the full width at  
half maximum fie of the angular distribution of the 
blocks of the mosaic crystal sample, the corresponding 
quant i ty  fll of the monochromator, the horizontal 
angular divergences al, a2, as of the in-pile, mono- 
chromator-specimen, and specimen-counter collima- 
tors, and of the dispersion parameter a = tan OB/tan OM 
computed at the Bragg angles OB and OM at which 
sample and monochromator are supposed to be set. 
Equation (2) gives the instrumental  luminosity of the 
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Table 1..Full width at half-maximum and instrumental luminosity of a Bragg reflexion 
Equations (1) and (2) apply to the w-scan technique, and equations (3) and (4) to the 20-scan technique 

f ,  (1) 

R= 
c~i ~zC(3 ~I'8 2 (2) 

' ' 
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' '  ' ¼ ' ' "  
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( 3 )  

L = 
2 1 2 2 2 

CA) 

rocking curve. The latter is defined as the scale factor 
by which the measured value of the luminosity should 
be divided in order to obtain the integrated reflec- 
tivity. Similarly equations (3) and (4) provide the 
instrumental width and the instrumental luminosity 
for the case of the 20-scan. 

Belore going into a detailed discussion o~ the alcove 
equations, we should like to make the following 
remarks. 

(i) According to equations (1) and (3), the widths 
of the diffraction peaks do not depend on the mosaic 
spread ~I of the monochromator as strongly as one 
would anticipate. Actually the quantity more directly 
connected with the resolution in neutron diffraction 
is the dispersion parameter (Caglioti, Paoletti & Ricci, 
1958): 

(dO /d~)s~mple 
a = = tan 0B/tan 0M. 

( dO / d % )monoehromator 

The latter is a measure of the relative dispersion 
undergone by the neutron beam on the sample and 
on the monochromator. The value of a should be kept 
(Willis, 1960) within the so-called focusing region 
(a---1), as exemplified by Levy & Peterson, who 
fixed a value as high as 90 ° for the take-off angle 20M 
of their diffractometer at the Oak Ridge high-flux 
research reactor. A striking, direct experimental proof 
of the influence of the dispersion parameter on the 
resolution of a diffraction pattern is given by Caglioti 
& Ricci (1962). 

(ii) Expressions (2) and (4) for the instrumental 

luminosity do not include the crystal reflectivity as 
determined by the amount of extinction suffered by 
the ratiation within a single crystal. Work recently 
performed at the J A E R I  (Kunitomi, Hamaguchi, 
Sakamoto, Doi & Komura, 1963) indicates a procedure 
for taking into account extinction (Bacon & Lowde, 
1948) in coniunction with our expressions ~or the 
instrumental luminosity, in practical computations of 
the reflectivity of a single crystal. 

2.1. w-scan 
Equation (1) gives the full width at half maximum 

B½ of the Bragg reflexions as a quadratic combination 
of the mosaic spread f12 of the crystal specimen and 
a sort of ' instrumental contribution to the width';  
the latter proves to be extremely small in the focusing 
region, and adds a sizable contribution to the width B~, 
especially at large values of the dispersion parameter, 
when a8 is large compared with the other a 's  and 
to #1. Equation (1) may be useful in the automatic 
collection of the intensity data, since it gives a fairly 
accurate measure of the angular range of interest 
at any Bragg reflexion; conversely, equation (1) may 
be applied (Caglioti & Ricci, 1962) as an operational 
definition of the mosaic spread of the crystal sample 
in terms of other known parameters, which in any 
case are of vanishing importance at the focusing 
position. The theoretical behaviour of B½ versus 
tan OB/tan OM is shown in Fig. l(a). 

Equation (2) expresses the dependence of the 
instrumental luminosity R of the spectrometer as 
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Fig. l. (a) Full width at half maximum B½ of a rocking curve as a function of the dispersion parameter a= tan  O~/tanOM in 

typical cases. Notice the minimum at the focusing position. This minimum is pronounced when the angular divergence a~ 
of the sample-counter collimator is large. (b) Instrumental luminosity R of a rocking curve as a function of the dispersion 
parameter, for various typical cases. Notice the presence of a maximum at the focusing position. 

a funct ion of its coll imating parameters  and the  
dispersion parameter .  I t  has long been known by  
X-ray  crystal lographers that ,  in order to perform a 
rel iable in tens i ty  measurement  with the co-scan tech- 
nique, i t  is necessary to operate with a 'broad'  window 
in front of the counter. Equa t ion  (2), which applies 
to crysta l -monochromatized radiat ion,  allows us 
f inal ly  to control in a predictable way  the amount  
of reduct ion of the i n t e ~ a t e d  in tens i ty  produced by  
the diffractometer  a t  any  Bragg angle as a conse- 
quence of the  l imi ted  angular  acceptance of the 
coll imator in  front  of the counter. In  Fig. l(b) we 
show how strongly the ins t rumen ta l  luminos i ty  m a y  
depend on the dispersion parameter  and, through it, 
on the  Bragg angle, when the dif f ractometer  is set 
for w-scan. The var ia t ion  of the in s t rumen ta l  lumi- 
nosi ty  wi th  a, which is negligible in  the focusing 

region since the  ins t rumen ta l  luminos i ty  reaches a 
m a x i m u m  there, m a y  become dramat ic  at  h igher  
values of the dispersion parameter  , especially when 
the specimen-counter  coll imator has a narrow angular  
divergence. 

In  Fig. 2 the theoret ical  dependence of the  instru-  
men ta l  luminos i ty  R versus t a n  OB/tan OM (full line) 
is compared wi th  exper imenta l  results  (open circles) 
we recent ly  obtained in  Ispra  wi th  a value  of a8 
in ten t ional ly  selected as unusua l ly  small .  This  com- 
par ison was performed b y  considering, at  several  
values of the dispersion paramete r  a, the exper imenta l  
and theoretical  ratios of the a-dependent  i n s t rumen ta l  
luminos i ty  obta ined in  w-scan to the  constant  (see 
equat ion (4)) i n s t rumen ta l  luminos i ty  obta ined for 
the  same Bragg reflexion in  20-scan. The intensi t ies  
of the  200, 400, 600 and  800 w-scan reflexions 
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the experimental 20-scan data, since no additional 
unusual instrumental corrections are needed. Never- 
theless the widths of the peaks as determined by 
equation (3) are, ceteris paribus, generally larger in 
the 20-scan than in the w-scan, so that  the use of the 
o~-scan may ultimately result in an overall shortening 
of the counting time, especially when the take-off 
angle of the monochromator is not large. 
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Fig. 2. Instrumental luminosity R versus a = t a n  OB/tan OM for 
several rocking curves of an aluminum single crystal. 
The ratio I(m-sean)/l(20-scan) of the experimentally deter- 
mined intensity of the 200, 400, 600 and 800 reflexions 
in the to- and 20-scan procedures is compared with the 
corresponding ratio for the instrumental luminosities ob- 
tained through equations (2) and (4). The angular divergence 
of the sample-counter collimator (aa=15') was inten- 
tionally selected as unusually small. Throughout these 
measurements a neutron wavelength ;t = 0-75 A was utilized. 

of an aluminum single crystal mounted in reflexion 
were normalized to the corresponding ones obtained 
by 20-scan, so as to avoid corrections for extinction. 

2.2. 20-scan 

Equation (3) gives the full width at half maximum 
A½ of the Bragg reflexions as a function of the col- 
limating parameters of the diffraetometer and the 
dispersion parameter a. In this equation the mosaic 
spread of the crystal sample does not play a major 
role as in equation (1), but a remarkable minimum is 
still found at the focusing position. I t  has been proved 
that equ~ti0n (3) satisf~ct0rily explains experimental 
results (Caglioti & Ricci, 1962). Equation (3) is useful 
whenever one wishes to control the resolution of a 
diffractometer or to have an a priori knowledge of 
the range of the widths of the Bragg reflexions to be 
covered by the instrument. 

Finally, equation (4) gives the instrumental lumino- 
sity L of the diffractometer in terms of its collimating 
parameters. In contrast with the corresponding 
equation (2) valid for the m-scan, equation (4) shows 
that  L is independent of the dispersion parameter. 
This fact will in any ease simplify the treatment of 

3. Impor tance  of s imul taneous Bragg  ref lex ions  

Many neutron experiments have been recently per- 
formed on the Renninger effect (Renninger, 1937), 
since it became clear (Moon & Shull, 1961) that  the 
intervention of multiple Bragg reflexions may strongly 
affect the accuracy of intensity measurements in 
single-crystal analysis by neutron diffraction. 

The discussion of this topic will be confined here 
to a broad outline of 'the effects of simultaneous 
reflexions on single-crystal neutron diffraction inten- 
sities': reference can be made to some very com- 
prehensive work on this subject, recently performed 
at the Massachusetts Insti tute of Technology by 
Moon & Shull (1964). These authors discuss this 
problem both theoretically and experimentally, and 
indicate practical criteria to evaluate its importance 
and to overcome experimental difficulties connected 
with it. 

From Fig. 3 it is easily seen (Renninger, 1937) 
that  when a single crystal happens to be oriented in 
a monochromatic beam with two sets of crystal planes 
simultaneously in Bragg reflecting positions, there is 
always a third set of crystal planes oriented so as to 
enhance the intensity of the primary reflexion at 
the expense of the secondary one or vice versa. As 
a consequence, when the diffractometer is set for 
detecting a primary Bragg reflexion (ko--> kl) one 
may excite the intervention of another simultaneous 
secondary Bragg reflexion (k0-+ k2) reorienting the 
crystal through an azimuthal rotation around the axis 
normal to the (primary) reflecting plane, the latter 
being preserved in reflecting position during this 
rotation. When the reciprocal lattice vector of another 
reflexion plane touches the sphere of reflexion, some 
of the radiation k0-+ kt originally taking part in 
the primary reflexion will take part in the secondary 
reflexion k0-+ k2. In turn, since the reflexions 
kt -~ k2 and k2-~ kl may occur on the third set of 
reflecting planes one has to face 

(i) Reduction of intensity of the primary reflexion 
due to both of the processes k0 --> kl --> k2 and 
k0 -+ k2, and 

(ii) Increase of intensity of the primary reflexion 
due to the process k0 -+ k2 -+ kl. 

The identification of the azimuthal angles of 
occurrence of secondary reflexions (Cole, Chambers 
& Dunn, 1962) is straightforward for simple lattices 
and, even for complicated crystals (Santoro & Zocchi, 
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Fig. 3. Scheme of a mul t ip le  Bragg reflexion in (a) reciprocal 
space and  (b) c rys ta l  space. The set of p r imary  reflecting 
planes 01 m a y  have  a n y  az imu th  ~v a round  the  corresponding 
reciprocal la t t ice vector  2:z-r01 , when the end point  of 2~-r0s 
lies on the  sphere of reflexion. The existence of a com- 
pet i t ive reflexion is de te rmined  by  the  value of the  az imu th  
% which affects the  m u t u a l  or ienta t ion  of the  wavevec tor  k 0 
of the impinging neu t ron  and  the reciprocal la t t ice vector  
2~zro2 perpendicular  to the  set of (secondary) reflecting 
planes 02. W h e n  the  planes 02 are also in reflecting position, 
there is a lways  a third set of c rys ta l  planes 12 in condit ions 
of enhancing  the  in tens i ty  of the  p r imary  reflexion (k 0 --> ks) 
a t  the  expense of the secondary  one (process k 0 --> k 2 --> kl) 
or vice versa (process k s --> k 1 --> k2) , all a long the  pa th  of 
the  rad ia t ion  wi th in  the specimen, as indicated.  

1964) does not present major difficulties. By contrast, 
the calculation of the intensi ty changes of the pr imary 
reflexion due to simultaneous reflexions may  con- 
st i tute a very intricate problem, especially when 
more than one secondary reflexion at a time arises 
in the Renninger pattern. This problem has been 
discussed so far only for mosaic crystals. The hypo- 
thesis is made that  the neutron, in choosing among 
the competitive crystal planes, in a way, weights its 
decision over the structure factors rather  than the 
scattering amplitudes. On this basis an approximate 
solution of this problem, suitable for a detailed 
comparison with the experimental data, was obtained 

by Moon & Shull for a crystal of iron, as an extension 
of the theory of secondary extinction for mosaic 
crystals (Renninger, 1937; Bacon & Lowde, 1948); 
an exact solution of the same problem was worked 
out by Borgonovi (1961), but  extensive and detailed 
comparisons with the experimental data available at  
tha t  t ime were not made. 

In their paper Moon & Shull stress the criteria for 
minimizing the intensi ty of the competitive reflexions. 
These criteria may  be listed as follows- 

(i) To operate with crystals free from secondary 
extinction, tha t  is 'small crystals with broad mosaic 
character ' ;  the role played by competitive reflexions 
is in fact expected to have an importance increasing 
with the size of the corrections necessary to take 
account of secondary extinction. 

(ii) To reduce as much as possible, especially for 
pr imary reflexions of low intensity,  the length of 
the path responsible for the reflexions k0 -> ke -+ kl 
and k0-+ k l -+  k2, by a convenient choice of the 
crystal shape and dimensions. 

Another approach directed to by-pass the difficulties 
originated by the simultaneous Bragg reflexions in 
accurate intensi ty measurements has been proposed 
by Santoro & Zocchi (1964); they  suggest the use of 
a 4-circle goniometer operating under instructions 
from an electronic computer, capable of measuring 
the intensi ty of the Bragg reflexions at  controlled 
values of the azimuths of the reflecting planes. This 
instrument should be very useful when the linear 
dimensions of the unit  cell are not too large with 
respect to the neutron wavelength, and, in general, 
for systematic studies of the l%enninger effect in 
neutron crystallography. 

I t  should be interesting at this point to indicate 
the actual amounts of the intensi ty changes due to 
simultaneous reflexions in the cases of extreme and 
moderate secondary extinction. In the former case, 
which is generally encountered in the process of 
selecting a monochromatic beam by Bragg reflexion 
from a crystal, the intensi ty variations are extremely 
serious - -  a factor of 5 for the peak values - -  (see 
for instance Fig. 2 of Borgonovi & Caglioti, 1962). 
In the second case, of more direct interest in crystal 
analysis, the intensi ty variations are of the order of 
15%, as shown, for instance, in Fig. 4 (after Borgonovi, 
1961), and found in iron by Moon & Shull. 

4. Main features of conceivable e x p e r i m e n t s  of 
'elastic' diffraction of neutrons  in s ingle  crysta ls  

As indicated in § 2, the energy/momentum relationship 
for neutrons is fundamental ly different from the 
corresponding one valid for X-rays. When an X-ray 
of about 12 keV (wavelength ~t~ 1 •) is scattered 
by a solid and allowed to create or annihilate one or 
more phonons, it  does not suffer any perceptible 
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Fig. 4. l~enn~nger pa t te rns  of the  200 reflexion by  A1 single crystals (discs 1.25 cm dia., 0"3 and 0.5 cm thick) cut  with their  
base parallel to the  reflecting planes, as indicated in the  insets (Borgonovi, 1961). 

change of energy, wavelength or wavevector magni- 
tude, since the energy of a phonon cannot exceed, 
in practice, 0.1 eV; on the contrary, when a neutron 
of the same wavelength (energy 0.08 eV) is scattered 
by a solid interacting with the phonons, it generally 
undergoes radical changes of energy, which are 
naturally coupled with important changes of wave- 
length and wavevector magnitude. 

One is then ready to accept that the basic phe- 
nomena regulating the intensity of the diffuse scatter- 
ing of X-rays -- as comprehensively discussed by 
James (1954) and, more recently, by Wooster (1962) 

should be reconsidered for a sound treatment of 
the case of neutron scattering. The thermal diffuse 
scattering of neutrons, in fine detail, has indeed been 
the object of both theoretical (Weinstock, 1944; 
Waller & FrSman, 1952; FrSman, 1952; Placzek & 
Van Hove, 1953; Van Hove, 1954; SjSlander, 1958; 
Maraclunin, Montroll & Weiss, 1963) and experimental 
(see, for instance, the IAEA Proceedings of the 
Vienna (1960) and Chalk River (1963) Symposia on 
Inelastic Scattering of Neutrons in Solids and Liquids) 
investigations during the last two decades. These 
investigations, devoted to a detailed analysis of the 
individual contributions to the overall thermal diffuse 
intensity, induced by single- or multi-phonon pro- 
cesses in slow neutron scattering, have led, during the 
last ten years, to the development of a kind of 
generalized crystallography: any point within a 

Brillouin zone in reciprocal space is now worthy of 
special consideration, since it has the physical meaning 
of wave vector of a 'measurable' phonon, that  is of 
a phonon to which, as a consequence of the possibility 
of perceiving energy transfers as small as 1 meV, 
one may also attach the appropriate frequency 
(or, so to say, reciprocal time). 

A delicate problem (Nilsson, 1957) in the intensity 
measurements of the :Bragg reflexions from a crystal 
is to extract, from the diffraction pattern, the 'zero- 
phonon' term: this is the term representing scattering 
processes which leave the crystal in its initial state; 
these processes, unaccompanied by energy transfers 
from the neutron to the crystal or vice versa, con- 
stitute the prominent part of the scattering and 
should enable the experimentalist to draw a picture 
of the crystal structure which realistically includes 
the effects of the thermal motions, but is unaffected, 
in the limiting case, by the very act of observation. 

The possibility of measuring the energy of the 
outgoing (as well as the impinging) neutrons by means 
of a triple-axis spectrometer (Brockhouse, 1961) 
stimulates some speculations about the usefulness of 
experiments of 'elastic' neutron diffraction by a solid, 
which nowadays could be easily performed by methods 
common in neutron spectrometry. 

Apparently, as explicitly suggested by Arndt & 
Willis (1962), the most promising experimental set-up 
plainly derives from that utilized in 'elastic' diffraction 
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b y  l iquids (Brockhouse, 1958; Caglioti & Ascarelli,  
1963). Actually,  in  one instance,  (Calder, Cochran, 
Griff i ths & Lowde, 1962) an  exper iment  of 'elastic '  
neut ron  diffraction by  (solid) l i t h ium hydr ide  has been 
performed wi th  a t r iple-axis  spectrometer,  for a 
precision de te rmina t ion  of the size of the D e b y e -  
Wal le r  clouds in  tha t  compound. The exper imenta l  
procedure (Fig. 5) consists in  the measurement  of the 
in t ens i ty  of those among the diffracted neutrons,  
which have an  energy ideal ly  equal  to tha t  of the 
impinging neutrons.  This energy selection is accom- 
pl ished in  practice by  subst i tut ing,  for the usual  BF8 
counter a rm of a diffractometer,  an  analys ing crystal  
spectrometer set for Bragg reflexion ( 'only') of the 
neutrons having  the same energy as those impinging 
on the specimen. 

Collimator (z 1 

Monochromating spectro 

Collimator a z 

Positional spectrometer l -  

Collimator a 3 ~.~B ~ c ~  

Analysing spectrometer " ' I  " 

Collimator a4 

BF3 counter . / 

Fig. 5. A triple-axis spectrometer prepared for 'elastic' dif- 
fraction. As in a conventional diffraetometer, the mono- 
chromating spectrometer provides a monochromatic beam 
of neutrons impinging on the specimen. 

In principle, only those diffracted neutrons of energy 
equal to the energy of the impinging neutrons are allowed 
to be Bragg-reflected in the analysing spectrometer and to 
reach the BF a detector. In practice, the energy resolution 
of the spectrometer turns out to affect strongly, in several 
cases, the efficiency of the method of the 'elastic' diffrac- 
tion. 

A theory  to es tabl ish the na ture  of the  informat ion  
obta inable  by  exper iments  of this  sort can be easi ly 
worked out for the case of a mona tomic  incoherent  
scatterer.  The calculations are, however, much  more 
complex in  the  case of a coherent scatterer. 

In  practice one has general ly to deal  wi th  substances 
which exhib i t  both  coherent and  incoherent  contribu- 
t ions to the total  scattering cross section, so tha t  the 
p re l iminary  conclusions we will  a t t empt  to draw for 
the  l imi t ing  cases of pure ly  incoherent  and  pure ly  

coherent scatterers should be considered only as a 
guide in  evaluat ing more realist ic cases. 

The discussion which follows takes as a s tar t ing 
point  the papers of SjSlander (1958) and  Wal ler  & 
FrSman  (1952). 

(a) 'Elastic' diffraction of neutrons by a monoatomic 
incoherent scatterer 
The par t ia l  different ial  cross section of a nucleus 

in  the crystal  for the  scat tering of a neut ron  of in i t ia l  
energy w0 into the uni t  solid angle around d ~  and  
the uni t  f inal  energy range around (co, a)+deo), is 

d~ine ~ ~ -2~ / ( ~ -  ~°)/ 
d.Qd~ - ainc ~ e  e x p .  ~ / ~ - ~  ] 

x [~ (~ -o . ,o )+Fw+. . . ] .  ~ (5) 

The above expression can be easi ly derived from 
equat ion II.28 of SjSlander, if one neglects te rms of 
order higher  t h a n  one in  the phonon expansion,  and  
uti l izes the  Debye model  for describing the f requency 
d is t r ibut ion  of the  normal  modes inside the crystal.  
In  equat ion (5) ainc is the scat tering ampl i tude  of the 
supposedly incoherent  scatterer,  e -2W is the D e b y e -  
Wal le r  factor, KB the  Bol tzmaun  constant,  T the  
absolute temperature ,  WD the Debye f requency and 
h is Planck 's  constant  divided by  2z. 

As indicated in  the  Appendix,  the angular  distr ibu- 
t ion (da/d~Q)elastie Of the 'e las t ical ly '  scat tered neutrons 
m a y  be conceived as the integral  of equat ion (5) over 
the f inal  energy dw, weighted by  the energy resolution 
funct ion of the  spectrometer:  

~inc e 1 -5  
d-~ elastic _ 2 [/(ln 2) ho~D 

A2 
x WexP{641n~(KBT)2]  ] • (6) 

In  equat ion (6) d is a measure of the  energy resolu- 
t ion of the spectrometer,  as obtained by  a sui table  
extension of the formulae of Sailor, Foote, Landon  & 
Wood (1956), and  its value is general ly of the order 
of 10 -8 eV. Correspondingly, since in  practice 
/J ~ 8KBT~/(ln 2), one gets: 

elastic ~_ ¢einc~ 1-5 1"03 hWWD W • (7) 

Equa t ion  (7) should allow one to extract  r a the r  
easi ly the  ] )ebye-Wal le r  factor, once the energy 
resolution of the ins t rument  is sat isfactori ly known.* 

I t  should be r emarked  that ,  on the contrary,  
the convent ional  neut ron  diffract ion pa t t e rn  of an  
incoherent  scat terer  (e.g. vanadium)  is f la t  ( that  is 

* In principle equation (7) is valid only for small values of 
the wave vector transfer Q ~ ]k0-k'[, since at large values 
of Q higher order terms in the phonon expansion may become 
important. 
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da/d.Q~_a~,¢, since the scat tering by  a nucleus can 
be considered isotropic if one neglects the difference 
between the center of mass and  laboratory system 
(as was done also in the der ivat ion of equat ion (6)). 

(b) 'Elastic' diffraction of neutrons by a monatomic 
coherent scatterer 

I n  thei r  fundamen ta l  paper  on the diffuse scattering 
of slow neutrons Wal ler  & F r 6 m a n  (1952) considered, 
for order-of-magnitude computations,  the idealized 
case of a s imple monatomic  lat t ice exhibi t ing a sound 
velocity c independent  of direction and polarization, 
and  normal  modes of v ibra t ion  unaffected by  disper- 
sion. In  a subsequent  paper  SjSlander (1954) t reated 
in  detai l  more realistic cases of isotropic and an- 
isotropic crystals.  

The differential  scat tering cross section ai(k0, K) 
of the crystal  for a process in  which a neutron of 
wavevector k0 is scattered in the direction of a 
vector K (defined in  terms of the wavevector k '  of 
the outgoing neut ron  by  the relat ionships k ' / k ' =  K / K  
and K = k o )  as a consequence of a one-phonon inter- 
action, is found to be (Waller & Fr6man,  1952): 

ai(k0, K) nT-2 ^-gw K B T  (2~.r)2. 1 =~,~o~ "Mc~" ~ (s) 

for fas ter- than-sound neutrons,  and 

2Vaco h al(ko, K) ~ .e -~w 

K B T  (2~q')~ fl 
x - -  (9) 

M c  ~" V ~ 1 - (fig._ 1). (~±/~hl) 9 

for slower-than-sound neutrons.  
In  the formulae above, N is the number  of nuclei  

in  the crystal,  acoh is the scattering ampl i tude  of the 
supposedly coherent nucleus, M its mass, and  2 ~ r  
is the reciprocal latt ice vector under  consideration, 
around which the  the rmal  diffuse in tens i ty  assembles. 

is defined as the vector distance K - k 0 - 2 ~ T  
expressing the deviat ion from the exact  Bragg con- 
dition, and  the symbols  _L and [I refer to the direction 
of K (Fig. 6). f l=c /v  is the ratio of the  velocity of 
sound to the  neut ron  velocity v. Whi le  the cross 
section for faster- than-sound neutrons (equation (8)) 
is independent  of their  velocity, tha t  for slower-than- 
sound neutrons (equation (9)) is s trongly dependent  
on the ratio fl = c/v. 

In  order to get some {eeling about  the main  features 
of an  exper iment  of 'elastic '  neutron diffraction, 
we will t ry  to establish,  through a semiquant i ta t ive  
t rea tment ,  a comparison between the cases of con- 
vent ional  and 'elastic '  diffraction for faster- than- 
sound neutrons.  (The case of s lower- than-  sound 
neutrons is in  general  more complex but  we feel 
t ha t  a solution could eventua l ly  be worked out.) 
We take equat ion (8) as a s tar t ing point  of our com- 
putat ion,  and  we make the fur ther  s implifying assump- 
t ion tha t  in  the cases of 'elastic '  and conventional  

' , " 2 ~ 2 :  
'", 

/ '  
/' 

/ 
j :  

/ 

Fig. 6. Geometry of coherent scattering processes in a single 
crystal. The positional spectrometer and the crystal spec- 
imen are supposed to be set in the central position (dashed 
line) for a Bragg reflexion characterized by 2xG. Never- 
theless, the finite divergences of the collimating elements 
of the spectrometer permit the neutrons to undergo in- 
elastic scattering processes characterized by phonon crea- 
tion (e----+ 1) or annihilation ( e = -  1), as indicated. As a 
consequence, if k' is very different from k 0 (or K) the 
analysing spectrometer (not represented in this figure) 
will not allow it to reach the BF 3 detector. The individual 
contributions to the peak value of the diffuse intensity 
may be represented as a surface integral over the portion 
of the sphere of reflexion determined by the collimating 
elements of the spectrometer, as indicated in the text. 

diffract ion the monochromat ing spectrometer pro- 
duces a s t r ic t ly  paral lel  and monochromatic  beam of 
neutrons impinging on the crystal  specimen. The 
problem of in tegrat ion of equat ion (8) for the two 
types of diffract ion has a simple solution for the  
par t icular  case of the computat ion of the peak value  
of the diffuse in tens i ty ;  this  is pract ical ly  obta ined  
when the t ip of the central value K* of the vectors K 
accepted by  the angular  resolution of the posi t ional  
spectrometer (collimator a3) is exact ly  located at  the  
t ip of the reciprocal latt ice vector 2z-r. I t  will  become 
apparent  tha t  in  this  configurat ion of the posi t ional  
spectrometer the effectiveness of the f i l terin~ act ion 

exer ted  on the neutron energies by  the ana lys ing  
spectrometer  reaches a min imum.  Nevertheless such 
effectiveness is general ly larger in all  of the other  
orientations of the positional spectrometer contribut-  
ing to the integrated intensi ty ,  so tha t  the conclusions 
to be reached here, concerning the region of peak 
in tensi ty ,  should be of help in  evaluat ing a lower 
l imi t  of the power of the technique of 'elastic '  dif- 
fraction. 

Wi th  reference to Fig. 6, in the case of convent ional  
diffraction, the peak in tens i ty  I*  is represented b y  
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the integral of the cross section (9) over the solid 
angle dr2 centered around K*/K* representing the 
angular acceptance of the positional spectrometer. 
If the collimator ~3 has equal vertical and horizontal 
angular divergences, we may write 

I* = I (~l(ko, K)dQ.  (10) 
,1 AT2 

Since (Fig. 6) ~1=2/co sin 19 and dY2=2a~d~/k~, 
we may also write 

I* . 9. 9wKB T Ida? = ZVacohe- ~ ~:2222~ -~-. (11) 

The limits of integration in (11) are of the order 
of koaa and Nda/ao, where a0 is here the lattice para- 
meter. Rather  than in the actual value of this integral, 
we are interested here in a point by point comparison 
between the individual contributions to the diffuse 
intensi ty  in the cases of conventional and 'elastic' 
diffraction. 

The specific importance of these individual con- 
tr ibutions has now been seen to be of the type v] -~ 
in conventional diffraction. Let  us then proceed to 
evaluate the behaviour of these contributions in the 
case of the 'elastic' diffraction. 

When a neutron is scattered in a direction K/K, 
and K~=K*, a phonon is created (s= +1) or anni- 
hilated ( e = - 1 )  within the crystal, as sketched in 
Fig. 6. The wave vectors q~=+l and q~=_~ of these 
phonons are such as to close the polygonal k0, k '  and 
2~-r, in accordance with the conservation of momen- 
tum. Furthermore the conservation of energy fixes 
in a compatible way the energy (he/2m)(k0~-k 'e) lost 
(e = + 1) or gained ( s = -  1) by the neutron and the 
energy h~o (q) associated with the phonon taking par t  
in the interaction. 

The procedure to obtain an expression analogous 
/elastic of 'elastic' dif- to (11) for the peak intensi ty * 

fraction is similar to tha t  outlined above. Neverthe- 
less, in principle, one should s tar t  from equation (6') 
of Waller & FrSman, instead of equation (8) reported 
above, and consider separately the interactions lead- 
ing to energy gained (s = - 1 )  or lost (e = + 1) by the 
neutron. For any given value of ~7, the contributions 
to the total  diffuse intensi ty should then be weighted 
by the appropriate value of the energy resolution 
function of the analysing spectrometer, while summing 
as before over the effective solid angle. Under the 
above assumption of a str ict ly monochromatic and 
parallel neutron beam impinging on the specimen, 
the energy resolution function of the spectrometer is 

exp{ - 4 In 2 [hw (q~'-----~)]~ } A l ~  

where A~ is the energy resolution (full width at half 
maximum) of the analysing spectrometer - -  as deter- 
mined by a convenient generalization* of the treat- 

* See also the Appendix. 

ment  by Sailor, Foote, Landon & Wood (1956) - -  
and hw(q~, 1]) is the energy associated with each of 
the two phonons (e = _+ 1) which can take par t  in the 
scattering process at  any given value of K. In order 
to simplify the arguments,  we will make the numerical 
approximation - -  which is not strictly necessary - -  
that ,  for a given value of K, the squares of the energy 
of the annihilated ( s = - l )  and created ( e = + l )  
phonons can both be assumed to be equal to their 
mean value 

hec 2 
h2c2q ~ -- ~ [ ( 1 -  f12)~2+2f12~]~]. (12) 

pro "- ( 1 -  

This conveniently allows us to s tar t  again with 
equation (8), which now will be weighted over the 
energy resolution function of the analysing spectro- 
meter exp {-(41n2.h2ceq2)} before considering the 
integration over ft. 

We can write: 

. ~T,~9 ~-2w KBT z229 " 
~ [ e l a s t i c  ~ J - '  ~ c o h  ~ Mc ~ 

d~] 4 In 2.h2c z 2fl2~7~}] J x2sS-~exp [ ~-I__~,~A {(1-,Be)r/2+ . (11') 

We observe that ,  for f12 not too close to unity,  
the term 2flsV~, which is of the order 2f l2 .10-~ 2 
at  most, can be safely neglected with respect to 
( 1 -  fle)~2. Furthermore,  from equations (11) and (11') 
i t  is seen tha t  the specific importance of the individual 
contributions to the peak values of the diffuse inten- 
si ty in the conventional and 'elastic' diffraction for 
a coherent scatterer is roughly given by the functions 

1/U and lexp-L-n:~2/41n 
\ LJA " l - - f l  2] 

respectively. The areas subtended by these functions 
will be proportional to I* and * /elastic respectively. 

In Fig. 7 we plot the diagrams of the above func- 
tions in cases which can eventually be assimilated 
(a) to lead (c=1-2.105 cm.see -1) and (b) to copper 
(c=3.8.105 cm.sec-1), as investigated by 1.01 /~ 
(v=4.91.105 cm.sec -1) neutrons. The three-axis spec- 
trometer,  set for 'elastic' diffraction as indicated in 
Fig. 5, is supposed to be prepared with very small 
values of al and a2, while c¢3=~4=30'. The corre- 
sponding energy resolution A A of the analysing spec- 
trometer,  which depends also on the choice of the 
analysing crystal, is found to be 2.6 meV if the A1(220) 
reflexion is utilized. Since ~ __ 2~a/Tt0, the interesting 
range of ~7 extends to about 0.1 •-1.. 

From Fig. 7 it is seen tha t  in both cases the energy 
selection operated on the diffracted neutrons by the 
analysing spectrometer is poor, as expected, when 
the deviation ~ from the exact Bragg condition is 

* It should be remarked that a sizable amount of diffuse 
intensity may be due to the customary utilization of coar.,.e 
vertical collimators. In this instance the vertical and horizontal 
angular divergences are supposed to be about equal. 
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c~os ~io o, is ~q o. qOS Oo o, ls 
~' A" 

(a) (b) 

Fig. 7. The functions 

117 and (l l~).exp{--(41n21AA2).h%~l(1--#~)} 

versus ~ (see Fig. 6). The area defined by these functions 
and the ~ axis may be assumed to be proportional to the 
peak value of the diffuse intensity for conventional (chain- 
dotted line) and 'elastic' diffraction (full line) respectively. 
(a) Pb, (b) Cu. 

extremely small. For other values of ~ it seems 
that  the analysing spectrometer could really operate 
an energy selection on the diffracted neutrons, 
especially for substances characterized by a com- 
paratively high value of the Debye temperature or 
sound velocity. Nevertheless it should be remarked 
that, unfortunately, for substances which could most 
efficiently be studied by the method of 'elastic' 
diffraction, the intensity of the thermal diffuse 
scattering is intrinsically low; and vice versa, for 'soft' 
substances, where the diffuse intensity is high, the 
method of 'elastic' diffraction turns out to be less 
effective that  one would wish, at least for faster-than- 
sound neutrons. 

The above discussion refers to the case of peak 
intensity, where only small values of ~ are allowed, 
~ad ~orres~ondin~l~ the effectiveness of the filterin~ 

action exerted on the neutron energies by the analysing 
spectrometer reaches a minimum. Furthermore only 
substances whose sound velocity is smaller than 
neutron velocity have been considered above. I t  
seems then that  in practice one might often deal 
with more favorable situations, so that  experimental 
tests of the effectiveness of the method of 'elastic' 
diffraction could be worthy in view of the difficulties 
one would have to face in order to make a more 
satisfactory theoretical analysis. The loss of intensity 
one would suffer in performing experiments of 'elastic' 

as compared with 'conventional' - -  diffraction is 
expected to be of the order of ten. Nevertheless, 
i t  should be pointed out that  the arrangement pro- 
posed for experiments of 'elastic' diffraction necessarily 
leads to an improvement in resolution, and should be 
of assistance for reducing the effects of second order 
wavelength contamination in the monochromatic 
beam. 

Work is in progress in our laboratory to establish 
some criteria for optimizing resolution and luminosity 
of a three-axis spectrometer prepared for 'elastic' 
diffraction, and a report on our results will be pub- 
lished in the near future. 

5. Conclusions 

A comparative study is presented of the 20- and 
w-scan techniques and additional, satisfactory ex- 
perimental tests of general and useful formulae 
previously established are reported; in particular, 
a method is discussed in some detail to evaluate the 
integrated intensity of a Bragg reflexion from the 
value of the intensity as measured with the w-scan 
technique. The influence of the simultaneous Bragg 
reflexions on the values of the measured intensities 
is also discussed. Finally, the main features of 'elastic' 
diffraction experiments which now may be performed 
by means of a triple-axis spectrometer are discussed, 
for the first time, for the limiting cases of incoherent 
and coherent scatterers. In this preliminary treatment 
it is found that  the method of 'elastic' diffraction 
should be useful for an accurate measurement of the 
Debye-Waller factor, and that  the loss of intensity, 
associated with the energy selection, should be at  
least in part counterbalanced by the improvement in 
resolution and by the reduction of the effects due to 
the second order contamination in the monochromatic 
beam. 

APPENDIX 

We show here the procedure followed to perform the 
integrations indicated in § 4(a). 

In Fig. 5, suppose both the monochromating and 
analysing spectrometers to be set so as to accept a 
central value E ,  of the energy of the neutrons passing 
through them. If there is no specimen on the crystal 
t~b[~ ~m0~g~st X neutrons im~ing~in~ on the mono- 

chromating spectrometer per unit energy interval 
around E , ,  one will reach the detector if X is given 
by the equation: 

F x exp L A~ 

where AM and AA (Sailor, Foote, Landon & Wood, 
1956) are the full widths at half maximum of the 
energy distributions of the neutrons Bragg-reflected 
by the monochromating and analysing crystal respec- 
tively and can be immediately computed for any 
given geometry of the spectrometers.* 

* By a suitable generalization of equation (14) of Sailor, 
Foote, Landon & Wood (1956) it is found that the energy 
resolution AM (full width at half maximum expressed in eV) 
is given by the equation 

A M = 4riM cos OM(O'286)-l,E, s/~ • A OM (A3) 
where d M  is the spacing of the Bragg-reflecting crystal planes 
in units of 10-8 cm, E, is the central value of the energy 
of the monochromatic beam expressed in e¥, and 
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Solving (A1) we get :  

X = 2~/(ln2) A 
V~7~ AAZ~M' (A2) 

where 
A = ~ / ( A ~ + A ~ ) .  (A5) 

The number  of neutrons  capable of reaching the  
detector  when the specimen is mounted  on the crysta l  
table  if X neutrons  imping on the  monochromator  is: 

x I d2~i~c I - 4 In 2 (°~ ~ * ) ~ ]  do~ (A6) 
exp L /I ,i J " 

Subst i tu t ion  of (5) in (A6) leads eventual ly  to 
expression (6) of the  text .  

We wish to t h a n k  Dr  G. Low for the  interest  
shown in this work, and  Dr  C. B. Wa lke r  for helpful 
criticism. We are grateful  to Prof. C. G. Shull for 
communicat ing his results to us before publication. 
We are indebted  to Mr D. Tocchett i  for some numerical  
computat ions.  
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